S1 Time-and-frequency resolved photon counting signals
The joint time-and-frequency gated rate of detecting N s photons in detector s and N r in r is formally given by 1 S (N s ,N r ) IS (Γ s 1 , ..., Γ s N s ,Γ r 1 , ..., Γ r N r ;
where Γ s j , Γ r k , j = 1, ..., N s , k = 1, ..., N r denote the set of parameters that characterize the various photons detected in s and r, and Γ i represents the incoming light beams. In the following we only consider measurements with a single reference photon N r = 1. In Eq. (S1) ... = tr[...ρ] with ρ being the density operator of the entire system, and H − is the Hamiltonian superoperator in the interaction picture. Superoperators provide a convenient bookkeeping of time-ordered Green's functions. With every ordinary operator A we associate two superoperators 2 defined by their action on an ordinary operator X as A L = AX acting from left, A R = XA (right). We further define the symmetric and antisymmetric combinations A + = 1 2 (A L + A R ), A − = A L − A R , T denotes superoperator time ordering.
The coincidence signal Eq. (S1) depends on the time-and-frequency gated electric field E (t f ) .
The detector with input located at r D is represented by a time gate F t centered att followed by a frequency gate F f centered atω 3 . The gated field can be written as
The parameters of the time F t and frequency F f gates can be varied independently. However the combined temporal and spectral resolution for the signal (S1) always satisfies Fourier uncertainty ∆ω∆t ≥ 1 4 .
Hereafter we consider two types of signals. The first has a sharp time gate F (s j ) t (t s j t s j ) = δ (t s −t s j ), j = 1, ..., N s for the s detector and narrow frequency gate for the r detector F
The signal (S1) then reads
The second type of signal is obtained by replacing the time gate for detector s by the frequency
.., N s , retaining the same narrow frequency gate for detector r. Eq. (7) then follows from (S1).
S2 Femtosecond Stimulated Raman Signals

S2.1 FSRS
The stimulated FSRS signal obtained in the setup shown in Fig. Figure 1b with frequency dispersed detection of the probe is given by
where I denotes the imaginary part and E s = E s is expectation value of the probe field operator with respect to classical state of light. We next expand the signal (S4) to to sixth order ∼ E 2
Thus, the classical FSRS signal illustrated by the two diagrams shown in Fig. Figure 1c is given by S (c)
S2.2 IFSRS
Expansion of Eq. (7) for the field matter interactions depicted by loop diagrams in Fig. Figure 1e yields for N s = 0 -Raman loss (no photon in the molecular arm)
To make sure that there is no photon at detector s we had integrated over its full bandwidth, thus eliminating the dependence on detector parameters. For the Raman gain N s = 2 signal we get S (2,1)
Similarly for N s = 1 we obtain
S4 whereẼ = E t f is the gated field and R denotes the real part that comes from the complex conjugate diagrams shown in Fig. Figure 1e .
One can similarly express the signal (7) with N s = 2 when both s and r detectors have narrow frequency gates
Similarly the N s = 1 signal is given by
S3 Field correlation functions of entangled light for various IF-
SRS signals
All our signals (S7) -(S13) involve products of multiple fields and four point correlation functions of matter. For N s = 0, N r = 1 the four-point correlation function in Eq. (S7) for a quantum field in a twin photon state can be factorized as
The twin state of light is described by the wavefunction (4). The two point correlation functions S5 in Eq. (S14) are then given by
and
The four point correlation function in Eq. (S14) is finally given by
We next turn to the N s = 2, N r = 1 signal (Eq. (S8)). In order to evaluate the necessary eight-point field correlation function one can recast it in a normally ordered form (all annihilation operators are to the right of the creation operators). For a twin photon state normally ordered correlation functions of the field with more than 4 fields vanish since extra annihilation operators act on the vacuum. Therefore, the eight-point field correlation function in (S8) can be recast as a four-point correlation function similar to Eq. (S17) times two field commutators
where D(ω s ) D(ω p ± ω ac ) D(ω p ) is the normalization constant which is assumed to be a flat S6 function of its argument. We thus obtain
Finally we turn to the N s = N r = 1 signal (Eq. (S9)) which is governed by a six-point correlation function. The only contribution to this correlation function comes from the four-point correlation function of normally ordered fields multiplied by a commutator of the field:
Similarly for Eq. (S10) we obtain
It is worth noting that according to diagram (1, 1)b in Fig. Figure 1e , the signal (S10) hast s > t > t .
However it follows from the second term in Eq. (S21) that t =t s , i.e. t < t . Therefore this term does not contribute to the signal. Note also that like the classical FSRS signal all three IFSRS signals (S17) -(S21) scale linearly with the classical pump intensity S IFSRS ∝ |A 0 | 2 , even though they are governed by different number of fields contribution to the detection events.
S7
S4 Stimulated Raman signals for a vibrational tunneling model
Below we discuss a dynamical vibration model. We consider a single vibrational mode that can assume two states with frequencies ω ± = ω ac ± δ and a tunneling rate between them k. Following the stochastic Liouville equation approach outlined in 5 , the absorption lineshape for such a system is given by Eq. (8).
The matter correlation functions in Eqs. (S7) -(S13)
Using (S22) the classical FSRS signal (S5) -(S6) reads
is the Raman response gated by the classical field.
S8
The IFSRS S (0,1) IFSRS signal (S7) reads S (0,1)
is a Raman response gate by the quantum entangled field.
We next turn to the time-gated S (2,1)
The corresponding frequency-gated S (2,1)
IFSRS signal (S11) is given by 
where
Finally, for the time-gated S (1,1)
where we assume a broadband entangled light and σ 0 γ a , k and neglected the residues of the two photon amplitude. Similarly for (S10) we obtain
The frequency gated signal (S12) for the TSJ model is
Similarly Eq. (S13) gives
The latter is a background term and has no resonant features that give Raman resonances. We therefore neglect it in the simulations. 
S5 IFSRS with separable correlated state
The general two-photon state in Eq. (4) can be described by the density matrix
One can further construct a different state with the same mean energy and the same single-photon spectrum, and thus would give the same single-photon transition probability. For instance if we take a diagonal part of the density matrix in Eq. (S37)
S11
which results from disentanglement of the entangled state. Using this density operator one can compute the four-point correlation function of the electric field that enters all IFSRS signals:
Using Eq. (S39) the S (0,1)
where δ (0) 1/γ is a delta-function of zero argument. The S
(1,1)
IFSRS signal (S34) then reads Figure S1 : (Color online) First column: a -series of the snapshots using classical FSRS signal (S24) for a time evolving vibrational mode i vs ω − ω p for slow tunneling rate k = 18 cm −1 and narrow dephasing γ a = 9 cm −1 , b -same as a but for fast tunneling rate k = 53 cm −1 and broad dephasing γ a = 43 cm −1 . Second column: c, d -same as a, b but for for S (1, 1) IFSRS in Eq. (S34) . Third column: e and f -same as a, b but for S (2,1) IFSRS given by Eq. (S30) vsω s − ω p . All parameters are the same as in Fig. Figure 3 . IFSRS signal (S30). All parameters are the same as in Fig. Figure 3 . S15
